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Abstract 

Prospective service delivery and manufacturing firms as the case may be, are desirous of knowing the 

number of servers and service delivery operating equipment to be installed in their proposed facilities, to 

ensure adequate service delivery. Perhaps, this underlining interest may not be unconnected with the fact 

that finite facility space and limited income constraints probably will not allow for infinite severs and 

manpower. In this paper, the M/M/K (an exponentially distributed interarrival, service time and multiple 

servers) parallel system of single-sever queues model is modified and deployed to analyse the services of a 

petroleum product loading depot. The adequacy or otherwise of the loading process is measured by a 

stability equation developed from the utilization rate equation. The constraints of the stability equation 

required to be satisfied to ensure effective service delivery (bounded queues and decongested facility) 

establish a range of new queue parameters. The least mean service rate value within this range can be 

evaluated with a server equation to produce the minimum number of effective servers, required by any firm 

that will yield a utilization factor of less than one. A numerical evaluation of the stability equation and the 

server equation is carried out with primary data sourced from the Warri refinery depot. It is found that the 

current operating system in the depot with nine parallel servers is ineffective with a utilization factor of 

1.17, hence the resultant congestion in the depot. Upon satisfying the stability equations constraints, a new 

mean service rate value is estimated that gives a utilization factor of 0.97 less than one. The new service 

time value corresponds to a minimum effective number of eleven servers by the server equation, to give a 

utilization factor of 0.97. Better services with lower utilization rate values can be achieved by varying the 

mean service time along the established range of the stability equation’s constraint. 

Keywords: Paralley system, Petroleum, Servers, Service delivery, Stability equation. 

1 Introduction 

Queues or waiting lines are common in service delivery and manufacturing facilities. The literature on the 

use of queue theory in modelling various queueing problems is limitless. The variants of these queue models 

are a result of the different approaches in handling queue features such as; arrival and service processes, 

service discipline, queue capacity, numbers and configuration of servers and network structure. One of the 

variants of the queue models that takes into cognizance the numbers and configuration of the servers, is the 

parallel system of single-sever queues, as opposed to the multiple-severs single-queue system. The parallel 

system of single-server queues is common to supermarkets, where customers queue behind any server of 

their choice at the check out point [7]. The choice of a queue is informed by the queue size, which by 

extension speaks of a faster service rate.  
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Again, the literature on the parallel system of single-server queues is in-exhaustive, as they come in different 

shades, characterized by constant or variable service rate, [8], attitude of customers in the queue as to 

whether they can jockey their position [1], finite or infinite queue capacity [1, 8, 10]. 

Increasing the number of servers in a parallel system of single-server queues will certainly improve the 

utilization rate [7], as the expected number of customers in service will be increased, which invariably 

means, the proportion of time the server is busy over the service time will be reduced. The challenge of this 

method of improving utilization rate as a decongestion strategy is that of facility space constraint and limited 

income sources, which negates infinite servers, limitless manpower and service time. 

The above scenario requires that a feasible number of servers alongside a practicable service time be 

determined concerning an effective utilization factor to offer quality and efficient service delivery. 

In [1], two parallel queues of M/M/I type were considered. Here, each queue’s capacity is restricted and 

customers are allowed to Jockey from one queue to the other, but the arrival is controlled such that on 

arrival, customers are made to join the shortest queue. An optimal assigning policy was developed that 

assigns customers to a faster queue when that server has a shorter queue.  

The work reported in [2] analysed a system of parallel queues and a single server. A combination of 

simulation and neural network techniques was used to obtain the optimal scheduling policy. For [3], a 

parallel server queuing system consisting of buffers for holding incoming jobs and flexible servers for 

processing these jobs was considered. A dynamic scheduling system was designed for assigning jobs to 

available servers. 

[4] considered a parallel system of multiple servers that operate two periods of uptime and downtime. The 

amount of service a customer receives during the uptime before the downtime is conserved for the next 

uptime, as only arrivals are allowed during downtime without service. In all the reported literature and many 

more not presented, the emphasis is on the distributions of the arrivals and service times, the assignment of 

customers to queues, service discipline and better approximation of queue parameters. In this study, a 

deliberate effort is made to evaluate the minimum number of feasible servers and service time that will 

support adequate service delivery in a parallel system of single-server queues through the utilization rate 

consideration. 

2 Materials and Method 

2.1 Data Collection 

The data used for the numerical evaluation in this paper are primary data sourced from the record of the 

loading operation of the Warri refinery depot. 

2.2 Model Development 

Consider a petroleum product loading facility with a service system of k parallel servers and permissible 

(k + c) servers, where c is the allowable additional server due to facility space constraint. It is contemplated 

that there is a waiting zone (calling source) within the facility for arriving trucks with an arrival of ψ for a 

given time with a mean value of ψ̅. The trucks are assigned equally to each server and the k servers are 

expected to complete service in a service time of α with a mean value of α̅. Let λ and μ be the mean arrival 

rate to the facility and the mean service rate of the k servers respectively. Assuming the k servers are serving 

at the same rate, then the utilization rate of the k servers for a parallel system of single server queues can be 

expressed as; 

ρ =
λ

μ
                                                                                                                      (1) 

See [12&13],  

where ρ is the utilization rate of the 𝑘 servers. 

The condition for the 𝑘 servers to be effective concerning bounded queues and a decongested facility is,  
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ρ =
λ

μ
< 1                                                                                                              (2) 

Supposing this is not the case, i.e. the 𝑘 servers are inadequate, then a constraint has to be imposed to satisfy 

eqn. (2) for the selection of effective servers ko. The constraint or stable utilization rate equation can be 

expressed as follows; 

ρ =
λ

μo
∶  0 < λ < μo`                                                                                             (3) 

where μois the mean service rate of the ko servers to serve the same mean arrival rate of λ. In this paper, 

equation (3) above is the stability equation, since the satisfaction of the given constraint will result in a 

utilization rate of less than one. Since the same mean arrival of λ served by k servers at a rate of μ is sought 

to be served by ko servers at a service rate of μo for an effective result (utilization rate of less than one), it is 

possible by inverse proportion to draw a relation between the parameters of k, ko, μ and μo, provided, ko >
 k and  μ > μo as it is with the case under study. 

Simply put; 

μ

μo
=

k

ko
                                                                                                                    (4) 

See [14, 15 & 16] 

⟹ ko =
kμo

μ
                                                                                                            (5) 

Equation (5) is the effective servers equation, based on the satisfaction of the constraint of equation (3). Note 

that the desire to satisfy the constraint of equation (3) by the selection of a new service time is because the 

service time is endogenous to the facility, compared to the arrival that is exogenous and is practically 

impossible to influence from within the facility.  

After satisfying all required logistics for improved services, a Facility manager or operator must insist on 

competence measures estimated on a mean service rate evaluated over the range of μ𝑜 = 𝜆 + 𝑛  where 𝑛 = 

0.1, 0.2, 0.3…..∞ 

Suppose a facility operates a system of 𝑘 servers with a resultant ineffective service delivery and wishes to 

improve services by upgrading to a system of (𝑘 + 𝑐) servers, it is possible to determine if (𝑘 + 𝑐) will 

produce an effective service, base on a utilization rate of less than one, where c is the permissible additional 

servers due to facility space constraint. 

This is achieved by substituting (𝑘 + 𝑐) for ko and μ(𝑘+𝑐) for μ𝑜  In eqn. (5) and comparing the value of 

μ(𝑘+𝑐) with the stable values of μ𝑜 In the range established by the constraints of eqn. (3). The procedure is as 

follows; 

μ(𝑘+𝑐) =
(𝑘+𝑐)𝜇

𝑘
                                                                                                        (6) 

The condition of sever effectiveness or otherwise for (k + c) servers is as follows. 

μ(𝑘+𝑐) > 𝜆 stable system 

μ(𝑘+𝑐) < 𝜆 unstable system 

 

3 Result and Analysis 

3.1 Result 

3.1.1 Computational Application of the Developed Model. 

In the collection of data for the numerical evaluation of this study, twenty observations of six (6) hours of 

interarrival time were carried out. The result is presented in the table below. 
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Table 3.1: Arrivals per Six hours 

Observation Arrivals to the Facility per 

Six Hours 
Service time (α) 

1 21 7 

2 19 7 

3 22 7 

4 23 8 

5 17 7 

6 15 8 

7 19 7 

8 20 7 

9 24 8 

10 20 7 

11 18 7 

12 20 7 

13 21 7 

14 22 7 

15 23 7 

16 24 8 

17 23 7 

18 21 7 

19 24 7 

20 20 7 

 ∑ ψ = 416 ∑ α = 146 

 

From Table 3.1, the mean arrival per six hours  

ψ̅ =
416

20
= 20.8 ≈ 21 trucks per six hours. where ψ̅ is the mean arrival per six hours 

Similarly, the mean service time α̅ =
146

20
= 7.3 ≈ 7hrs per 21 trucks 

The server’s mean arrival rate (λ) is given as follows  

λ = 
ψ

6
=

21

6
= 3.5 trucks per hour 

The server’s mean service rate (μ) is, 

μ =
α̅

7
=

21

7
= 3trucks per hour. 

The Warri refinery currently has nine (9) operational servers (k) and a space for an additional two (a = 2) if 

the need arises. 

Given that k = 9 and c = 2 

From eqn. (3), the constraint for stable system or effective servers requires that,  

0 < 𝜆 < 3 

As this is not the case for the above scenario, the utilization rate (𝜌) is likely going to be above one, indicating high 

congestion or high traffic within the facility. 

Recall eqn. (1) ρ =
λ

μ
=

3.5

3
= 1.17 ≈ 1.2 

Expectedly, the value of 𝜌 is above one indicating high congestion or high traffic within the facility 

Recall that for a stable or low traffic intensity service system according to the constraint of eqn. (3); 
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0 < 3.5 < μ𝑜 

Assuming that the new values of the mean service rate (𝜇0) will increase in the following order; 

𝜇0 = 𝜆 + 𝑛 

Where 𝑛 = 0.1, 0.2, 0.3. . . . . ∞ 

then the first value of μ𝑜 = 3.6, Hence, 

𝜌0 =
𝜆

μ𝑜
=

3.5

3.6
= 0.972 ≈ 0.97 

where 𝜌0 and μ0 are the utilization rate and the mean service rate of the k𝑜 Effective servers. 

Recall eqn. 5; 

k𝑜 =
𝑘μ𝑜

𝜇
=

9 × 3.6

3
=

32.4

3
= 10.8 ≈ 11 

From the above evaluation of the servers’ value, eleven servers will generate a utilization value that is below 

one. Though slightly high, this value will decrease gradually as the value of the mean service rate increases 

within the specified range. 

Given that 𝑘 = 9 and 𝑐 = 2, 

then from eqn. 6, we have that,  

𝜇11 =
𝑘(11) × 𝜇

𝑘
=

11 × 3

9
= 3.67 ≈ 3.7 

Since 𝜇11 > 𝜆 i.e 𝜇11 > 3.5, then the corresponding number of servers i.e eleven is an effective number of servers 

with a utilization rate of less than one as shown below; 

From eqn. (1); 

𝜌 =
𝜆

𝜇
=

𝜆

𝜇11
=

3.5

3.7
= 0.95. 

Consider the service delivery system for 𝑛 = 0.5 

⇒  𝜇𝑜 = 3.5 + 0.5 = 4 trucks per hour. 

Given that 𝜇𝑜 = 4, then the utilization rate 𝜌𝑜 for the new service rate is evaluated below as; 

𝜌𝑜 =
𝜆

𝜇𝑜
=

3.5

4
= 0.875 ≈ 0.88. 

Hence the value of the corresponding ko is given as follows; 

𝑘𝑜 =
𝑘𝜇𝑜

𝜇
=

9×4

3
= 12 servers 

3.2 Analysis 

It was estimated, using the developed model that the current operating system in the Warri refinery with nine 

operating servers has an individual traffic intensity of 1.17. This value accounts for the high traffic 

congestion experienced at the deport. Again, when the value of μo(3.6) was selected from the range of the 

stable values on account of eqn. (3), eleven (11) effective servers were obtained, this being the least number 

of effective servers since the selected μo is the least stable value in the established range of 0 < 3.5 < μo. 

The selected value of μo produced a utilization factor of 0.97, which provided a better service than that of 

nine servers. While investigating whether the allowable number of servers in the Warri refinery deport for a 

value of c = 2 will yield an effective service, eqn. (6) was employed and a mean service rate (μo = 3.7) was 

obtained. This falls within the range of stable values of 0 < 3.5 < μo. This indicates that management must 

as a matter of urgency install the unutilized servers to remedy the traffic congestion in the deport, as eleven 

servers will produce a utilization rate value of 0.97. This new value of the utilization rate showed an  
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improvement of 17.1% efficient service over the previous value of 1.17 for the nine (9) servers. Selecting 

μo = 4 at random from the range of stable values of 0 < 3.5 < μo, an effective server value of twelve (12) 

servers was obtained. As it concerns the Warri refinery deport, even though twelve (12) servers will be 

effective with a utilization rate of 0.88, it is not permissible due to space constraints.  Though this number is 

beyond the acceptable number of servers due to space constraints, the facility operator must strike a balance 

in the trade-off between a reduction in traffic by over 25% over the 9 servers or 9.3% over the 11 servers and 

the extra cost of expanding the facility space in accommodating two or three servers. 

In the application of the developed model to general service delivery operations, one simply needs to have a 

fair knowledge of arrivals per some periods and an affordable service rate from a pre-selected stable value to 

regulate the number of servers that will provide adequate services concerning traffic congestion. 

Since the service rate is endogenous to any facility, it is more amenable to adjustment given better services 

compared to arrivals that are much more subject to uncertainty influenced by issues exogenous to the 

facility. The developed model therefore allows for the flexibility of this adjustment.  

4 Conclusion 

A model to evaluate the effective number of servers in a parallel system of single-server queues, that will 

produce adequate services in terms of facilities congestion concerning utilization rate has been developed. 

Although the effectiveness of service as defined for a utilization rate of less than one may not reflect an 

optimal server selection procedure, arbitrary selection of servers has been curtailed with the development of 

this model, as a stable range of service time for any given number of servers has been introduced for which a 

utilization rate of below one which is required for adequate services can be selected. The range of the mean 

service values exposes management to an option of a server value that is feasible based on improvements on 

basic requirements. The study findings will not only help operators of already functioning service delivery 

facilities to improve their services but will also allow prospective facility owners to project for adequate 

services and choose between the options of better server configurations as it relates to single queues parallel 

servers or parallel systems of single server queues. 
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